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This study investigates the effect of soil-structure interaction (SSI) on the response of base-isolated
buildings. The equations of motion are formulated in the frequency domain, assuming frequency-
independent soil stiffness and damping constants. An equivalent fixed-base system is developed that
accounts for soil compliance and damping characteristics of the base-isolated building. Closed-form
expressions are derived, followed by a thorough parametric study involving the pertinent system
parameters. For preliminary design, the methodology can serve as a means to assess effective use of
base isolation on building structures accounting for SSI. This study concludes that the effects of SSI are
more pronounced on the modal properties of the system, especially for the case of squat and stiff base-

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Use of base isolation is increasingly applied to seismically
upgrade existing buildings as well as to effectively reduce the
seismic vulnerability of new buildings. It is also well recognized
that soil-structure interaction (SSI) could play a significant role on
structural response. However, common practice usually does not
account for the effects of SSI on the seismic behaviour of base-
isolated structures. The present study attempts to quantify the
effects of SSI on base-isolated building structures.

The effects of SSI on the seismic response of structures had not
been seriously taken into account until the 1971 San Fernando
earthquake and the beginning of nuclear plant construction in the
earthquake-prone California. The substantial number of journal
papers, e.g., Wong and Luco [1], and design guides, e.g., Idriss et al.
[2] published in the 1970s, reflect the great importance of the
phenomenon.

In the 1980s and 1990s, SSI was studied thoroughly thanks to
the impressive development of numerical methods, e.g., Spyrakos
and Beskos [3], Gazetas [4] and Wolf [5,6]. Also, many studies
investigated the effects of SSI on special structures, e.g., Goyal and
Chopra [7], Xu and Spyrakos [8], Maekawa et al. [9]. A detailed
discussion on SSI effects and analysis techniques is presented by
Johnson [10]. The inclusion of SSI phenomena in the seismic
analysis and design of structures is addressed in seismic code
provisions, including the recent FEMA 450 document [11]. Simple
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criteria have been developed in order to decide whether SSI effects
must be taken into account and, if so, the degree that the building
eigenperiods and damping vary with specific dimensionless
system parameters, e.g., Spyrakos [12].

The modification of seismic structural response through
application of base isolation has been the subject of extensive
research for the last 25 years, mainly in the United States, Europe
and Japan [13-15]. Despite the fact that in most cases isolation
devices behave nonlinearly, it is common practice to use a linear
analysis for the seismic design of most base-isolated structures
[16]. The spread of base isolation has been assisted by the
development of appropriate design codes for isolated structures.
Commonly applied codes, such as the International Building Code
2000 [17] and Eurocode 8 [18], address most of the practical issues
regarding concepts and procedures related to base isolation.

Several studies have been made to assess the effect of SSI
phenomena on the seismic response of base-isolated bridges.
Chaudhary et al. [19] have identified the structural and geotech-
nical parameters of four base-isolated bridges using available
theoretical models and data from recent earthquakes. The main
conclusions of their study are that SSI effects depend primarily on
horizontal pier stiffness in relation to the soil horizontal stiffness,
and that the important reduction in the soil shear modulus
for moderate earthquakes should be definitely incorporated
into SSI analyses. Spyrakos and Vlassis [20] and Vlassis and
Spyrakos [21] performed analytical studies of SSI effects on the
longitudinal response of base-isolated bridge piers concerning the
increase in damping and the decrease in base shear, as calculated
by contemporary bridge design codes. They reached the conclu-
sion that SSI causes a significant decrease in the system
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eigenfrequencies and a rather insignificant increase in the system
damping that is dominated by the isolation system damping
ratios.

Sarrazin et al. [22] presented the response of base-isolated
bridges for ambient vibration tests and earthquake excitations in
Chile. They reported differences between the Fourier amplitude
spectra of the numerical analyses that they performed and the
earthquake recordings, which may be attributed to SSI effects.
Iemura and Pradono [23] numerically evaluated the effectiveness
of passive isolators and semi-active dampers on an existing cable-
stayed bridge. Since the bridge towers were founded on a soft
35 m-thick soil layer, SSI was taken into account. It was found that
the flexibility introduced by the soil reduced the dampers
deformation and, in consequence, the amount of damping in the
retrofitted bridge. Tongaonkar and Jangid [24] presented the SSI
effects on a three-span bridge with LRBs, assuming frequency-
independent expressions for the soil stiffness and damping
parameters. Their numerical study revealed an increase in the
seismic displacements when SSI is included, a fact that should be
taken into account for the design of bridges.

Cho et al. [25] and Kim et al. [26] investigated the seismic
response of base-isolated liquid storage tanks, accounting for the
effects of fluid-structure-soil interaction. They performed a series
of numerical analyses using a coupled finite element—boundary
element formulation in the time domain. Their study revealed
that soil flexibility results in smaller displacement and force
amplitudes, but leaves the contained fluid motion unaffected.

According to the authors’ knowledge, very little has been
made on the investigation of SSI effects on base-isolated
buildings, such as the work by Constantinou and Kneifati [27]
and Tsai et al. [28]. Constantinou and Kneifati [27] have
investigated the effect of SSI on the dynamic characteristics of a
base-isolated structure. They have also examined the ability of a
simple energy-based method to yield results of satisfactory
accuracy. Furthermore, Tsai et al. [28] propose that the soil
compliance and damping should be taken into account for the
analysis of base-isolated buildings. Their findings are based on
numerical analyses of FPS-isolated buildings, and revealed that SSI
results in larger displacement and, in some sections in the
structure, larger shear forces.

This study presents a methodology to assess the effect of SSI on
base-isolated building structures, such as the one shown in Fig. 1.
A simplified model is developed in which the building, its
foundation, the base isolation and the soil are studied as a four-
degree-of-freedom (4-DOF) system. The methodology could serve
as a means to perform a preliminary analysis in order to evaluate
the effectiveness of base isolation in conjunction with SSI.

2. Analytical methodology
2.1. Equations of motion

The simplified model of the foundation-isolation-structure
system is shown in Fig. 2. With reference to Fig. 2, it can be
deduced that the relative with respect to the ground motion
displacements are expressed as

Ul = uo + ho + us (1a)

ub = uo + up (1b)

In order to obtain the equations of motion of the system,
Lagrange’s equations are employed, that is

oK OK OoU oD
ddt| ) —==+=—+=~= 2
(aq,»> aq, " oq, " 34, 2)

= ——

Soil Half-Space |

Fig. 1. Base-isolated structure found on soil half-space.

Fig. 2. Analytical model for base-isolated structure including soil impedances.

with K, U and D denoting the kinetic, potential and dissipation
energy, respectively, qit) are the degrees-of-freedom of
the system and dot denotes differentiation with respect to time.
With appropriate manipulations, Eq. (2) yields the following
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equations of motion in matrix form:

ms 0 ms msh ilS
0 my my 0 ilb
ms m, ms+m, msh ilo

msh 0 msh  msh? @

[ Cs - 0 0 Us
—Ccs c,+¢c 0 O Uy
1o 0 ¢ O0]) i
0 0 0 |lo
rke k. 0 0
—ks ky,+ks O O
* 0 0 kn
0 0 0 kt
g m,
up my, )
uo [~ ) ms+my Ue 3)
@ msh

where ks, ky, k; and k;, are the stiffness coefficients corresponding to
the structural, isolation and foundation rotational and horizontal
degree-of-freedom, respectively; cs, ¢, ¢ and c, are the viscous
damping coefficients corresponding to the structural, isolation
and foundation rotational and horizontal degree-of-freedom,
respectively; ms and m;, the mass coefficients corresponding to
the structural and isolation degree-of-freedom, respectively, and ilg
is the ground motion acceleration. The parameter h denotes the
equivalent structural height, defined as the height of an equivalent
single degree-of-freedom (SDOF) system. Usually, h is taken as
equal to the structural height for single-storey buildings, while for
multi-storey buildings it can be approximately set as equal to 0.7
times the total height of the building or be calculated with an
appropriate expression, e.g., Priestley [29].
The following parameters are introduced:

kn k k. kb
WO =———, Ol =—, Wi=_—, Of= (4)
my, + ms msh ms my, + ms
QCs Cy wCcy . ey
== b —Z-h o 5
=gk =gk =g G2 ()

By assuming a harmonic base excitation, ug = elt and perform-

ing several algebraic manipulations, Eq. (3) transforms to the
following set of equations:

—ms?(Us + Uo + h) + ks(1 + 2{i)(us — up) = Msw?ug (6a)

— M@ (U, + o) + k(1 + 2Lpi)uy — ks(1 + 28i)(us — up)
= mpw?ug (6b)

— Mp@? (Up + Uo) — Ms?(Us + Uo + hep) + kn(1 + 2841 + 2¢40)
Uo = (My 4+ ms)wug (6¢)

—mshw?(Us + Uo + he) + ke(1 + 204 + 2Lgi)p = msh®w?ug  (6d)
Using Eqgs. (4)-(5), Egs. (6a)-(6d) can be expressed as
(P1— Dus — fup —Uo —hp = ug (7a)

2
— Bl + |~ =)+ 2 By + s |ty — (1 =)

Uo = (1 — g (7b)

—yus — (1 — Py + (=1 + 3o — Yo = Ug (7¢)

—Us — Up + (=1 + Bhp = ug (7d)

where the mass ratio y and the parameters f;, >, f3 and f4 are
defined as

I ®
w? .

B =w—§(1 + 2i) (9)
w? .

Ba =3 (1+20i) (10)
w? . .

B3 =w—g(1 + 20ni + 2¢40) (11)
w? . .

P4 =w—;(1 + 20,0 + 2(,1) (12)

Since the system consists of a massless foundation, only two
degree-of-freedom (2-DOF) can be considered as dynamic;
namely, the structural, us and the isolation, u,. As presented in
Part I of Appendix A, the equations of motion can be expressed
with reference to an equivalent 2-DOF system, that contains the

structural and the isolation degrees-of-freedom, that is
W2
—2
R+itpg or=4 b (13)
(K] +1[¢ up (= w? (Y8
(1 - V) ~2
Wy,

where the complex stiffness matrix of the equivalent 2-DOF
system is given by

(K] +i1ZD

N 2 N
1+2Li-% —(1+2Zi)
(63}
S
= ~2 ~2 2 (14)
[OX P 3., W P )
——5Y(1+ 200 1+ 20,i+ S5y + 20D - (1 - ) —
Wy Wy, Wy,

2.2. Modal properties

The eigenfrequencies of the equivalent 2-DOF system can be
calculated from Egs. (13) and (14) by setting {, = (s = 0, that is

0)2
1-= -1
: m
@2 @2 o2 |10
—7 1+ =3y-0-7=
Wy Wy Wy
m=1,2 (15)

The eigenfrequencies of the equivalent 2-DOF system can be
expressed as

52,0 + R F /(1 +Rep? — 41 _V)Rsyd)z (16)
2 200-7) :
where R = I~<b/l~<S is the equivalent system stiffness ratio.
The two modes can be determined from Eq. (15) and are

given by

ah=] !
@ =3 b

(17a)
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Fig. 3. Effective modal mass ratios for the first (isolation) and second (structural) mode of the equivalent 2-DOF system.
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{éﬁl} and {&)2} are called the isolation and structural modes,
respectively. The effective modal mass ratios, that is the effective
modal mass over the total mass of the system, are given by

Mers _ 1 (@TIMyr)?
My + s My + s (BTN

(o[ o J{1l)
G 1—5‘11{? 2]{11}

__ 1 [a-p+d-dnp?
My +Ms (1 —7) + (1 —&1)%p
A=+ =anP

(my, + ms)

= 19
A=+ -’y (19)
Mers _ 1 (®)IMr)?
My M M+ M (7T 3
U 1oay|™ 01 ’
s
= s 0 1
s )
0 ms 170(2
2 2
__ 1 [(1fv)+(1fficz)zl (M + M)
My +Ms (1 —7p)+(1—0dp)y
_[A=p+a-gpP (20)

A=+ -y

The variation of the effective mass rations with respect to the
stiffness ratio R is depicted in Fig. 3. It can be deduced that
the effective mass ratio of the first mode is greater than 90% for
the range of Rs values examined. Thus, the contribution of the

second mode is negligible compared with that of the fundamental
mode. Therefore, it is justifiable to consider that the modal
viscous damping ratio of the first mode describes the behaviour of
the system adequately.

2.3. Damping ratios of equivalent system

The relations between the equivalent 2-DOF system para-
meters @, band @, with the corresponding parameters of
the 4-DOF system, as elaborated in Part II of Appendix A,
can be obtained by imposing that the coefficients of us and uy,
in the undamped formulation of the two systems are equal,
that is

~2
By _of @1
02 0+ w?

~2 2

@s _ Or (22)

2 PRIpaY)
w? W+ w?

The terms of the matrix [{] of the equivalent 2-DOF system can
also be obtained by applying the same procedure for damped
response as elaborated in Part Il of Appendix A, to arrive at

. Zs]] 75512
K= |-ln (23)
—= +

R Zo22 RSCszz
where the terms of the matrix are explicitly given by
. 2 W2 W2
=G (1-55) + il s (242)
> w?\  w? w?R W?Ry)
e =0 (1-5) + e+ 220+ 220 (24b)
5521 = Cs (24C)
N 1.
€b22+1~?C522: [1—(1—7)) b+1-y ZCh

S

+(1 - y) gg + gs (244d)

Rs
in which Rs = ky /ks is the stiffness ratio of the 4-DOF system.
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2.4. Assessment of SSI on the base-isolated system

The following dimensionless parameters are introduced in
order to facilitate an investigation of the effects of SSI on base-
isolated buildings:

§= wsh, h= h
Vs o

my + Mg
po

, m= (25)
where 5 denotes a stiffness ratio expressing the relative stiffness
between the structure and the soil, vs is the soil shear wave
velocity, o is a characteristic length of the foundation, e.g., for a
circular foundation « is equal to its radius, and p is the soil mass
density. The parameter h represents the geometrical form of the
structure, that is, large values of A correspond to tall, slender
buildings, while small values correspond to short, squat buildings.
It is well established that the spring and dashpot coefficients of
the soil-structure interface degrees-of-freedom depend on the
frequency of the excitation [30]. In the present study, frequency-
independent coefficients are employed, using the following
expressions [12]:

8Gu 4602

by, = v’ Ch = mp‘/s (26a)
8Go3 0.40%

kr:3(.l —V)’ Cr = 1 _VPVs (26]3)

Substituting Egs. (25), (26a) and (26b) in Egs. (21) and (22)
yields:

~2
e 27)
oy 8+ R p2m3(1 —v)

~2

(Ox 8 (28)

®2 " 8Ryy + R22p3m3(1 — v)

According to the correspondence principle, the stiffness ratios
Rs and Ry are equal [20]. Based on Veletsos and Ventura [31], the
approximation that the transformation that diagonalizes the
stiffness matrix also diagonalizes the damping rations matrix, is
made:

s s s & o
[C]=[¢]T[41[¢]={% Zz] (29)

0.50

where
L=C0m— Q-2+ %1)
o P 12
+(1 - &y)? <Cb22 + ECQZ) (30)

L=bn—0-a) |+ éfﬂ)
Rs
- o 15
+(1 =) <sz2 + R*Cszz) (31)
S

Figs. 4-12 depict the effects of SSI on the response of a base-
isolated building system. The structural ({s) and isolation ({)
viscous damping ratios are assumed to be equal to 2% and 25%,
respectively. Also, the assumption that the structure exhibits
elastic behaviour because the deformations develop primarily at
the isolation level. The soil viscous damping ratio, (g, is assumed
to be equal to 5%, which implies small-to-moderate soil deforma-
tion levels. Figs. 4 and 5 present the variation of the @, /ws ratio
with the dimensionless parameter 5, for different values of m.
From Figs. 4 and 5 it can be observed that increasing m results in
smaller values of @s/ws. The parameter 1 is a measure of the
structural inertia; for a given foundation and assuming that the
soil mass density is practically the same for most applications,
larger values of m imply greater structural mass, attributed to
either more stories in the structure or a larger mass in each storey.
Thus, the larger m, the greater is the anticipated inertial
interaction. The &;/ms ratio decreases significantly for increasing
3. As expected, as the shear wave velocity of the subsoil decreases,
the effects of SSI on the frequency characteristics of the system

become more pronounced.

Fig. 6 presents the variation of @s/ws with 1. Notice that for §
equal to zero, the structural frequency is the same for the 4-DOF
and equivalent 2-DOF system. Such a behaviour is anticipated,
since for a rigid foundation, there is no influence of soil flexibility
on the system response. From Figs. 4-6 it can be deduced that the
effect of SSI on the frequency of the structure is greater for stiff
structures with flexible soil strata. Also, SSI becomes more
significant for small values of the parameter f, that implies larger
values of {;, and of the parameter 17, that implies smaller values of
@s/ws. Such a behaviour is also anticipated, since i and i are also

0.40 +

&, 0301

g

0.20 |

0.10 +

000 —mr———+—"+—"—"—"+—
0 1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16 17 18 19 20

S

Fig. 4. Variation of frequency ratio & /ws for representative m (y = 0.5, Rs = 0.5, v =0.33, A = 1, {,, = 25%, (s = 2%, (g = 5%).
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measures of the relative structure-soil stiffness and inertia,
respectively.

The variation of the soil-base isolation-structure system
damping ratio, {;, with § for representative values of the
parameters h and m is depicted in Figs. 7 and 8, respectively. It
is observed that for a given value of i and 7, {; increases with for
decreasing structure-soil relative stiffness, expressed by an
increase of the parameter 5. For i greater than 1, the composite
damping ratio ; is practically independent of 5. Also, as the mass
ratio m increases, that is, for increasing structural inertia
compared to the soil inertia, the effect of the relative stiffness of
the soil § on affecting the composite damping ratio diminishes.
With the exception of relatively squat structures of small height
compared to the characteristic dimension of the foundation, i.e.,
= 0.5 in Fig. 7, the influence of SSI on the equivalent damping
ratio is not significant. The equivalent damping ratio of slender
structures that display both translational and rocking deforma-
tions when excited, is not influenced by the relative soil stiffness,

expressed by the parameter 5. From Fig. 8 it is observed that the
effect of the dimensionless mass ratio m on the damping ratio of
the equivalent system ; is negligible for relatively stiff subsoil
conditions, particularly for 5§ values lower than 2, and becomes
more significant for larger § values. Consequently, provided that
the soil stiffness is relatively low, an increase in the structural
mass expressed by the parameter m results in a decrease of the
energy absorption capability of the equivalent system expressed
by the composite damping ratio, Z;.

The variation of ; with R is presented in Fig. 9. This figure
exhibits the influence of the relative stiffness between the
structure and the isolation on the first modal damping ratio. An
increase in the isolation system stiffness, while the structural
stiffness is kept constant, results in a reduction of the composite
damping ratio, caused by an increase in the structural deforma-
tion in the first mode of the isolation-structure system. For the
limiting case of Ry — 1 corresponding to a slender building
structure that has similar stiffness with the isolation system, the
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Fig. 13. Variation of composite damping ratio, {,, for representative {, and (g (M= 05,h=1,R;,=02,v=0.33,{ =2%).

decrease in damping is approximately 50%. Figs. 10-12 demon-
strate the significance of the variation of the mass ratio y on the
composite damping ratio. The parameter y defined in Eq. (3)
expresses the relationship between the structural and isolation
mass. The limiting case of y = 0.5 corresponds to a single story
base-isolated building with the isolator mass that is the half of the
total mass. Respectively, for the limiting case y— 1.0 the isolator
mass should be considered as negligible compared with the
structural mass, a case corresponding to a multi-storey building.
Several values of the parameters $, i1 and h have been considered
and it appears that, independently from the relative mass and
stiffness properties between the structure and soil, the influence
of y on {; is rather small, compared to the influence of the other
system parameters discussed previously, that is the mass ratio m,
the slenderness ratio i and the relative stiffness between the
isolator and structure expressed by the parameter R;. In Fig. 12 a
value of the parameter y = 0.75 has also been considered, except
for the limiting cases discussed previously, denoting an inter-
mediate relation between ms and my. In general, an increase in
7y results in a decrease of the composite damping ratio.

Fig. 13 presents the variation of ¢; with §, for different values of
the isolation system and soil half-space damping ratios, {, and (g,
respectively. The influence of the isolation damping ratio on the
composite damping ratio is larger than that of the soil damping
ratios for small §, since the response of the structure is primarily
affected by the isolation mode. The influence of the soil damping
ratio on the composite damping ratio is small, with the exception
of very large $. This behaviour may be attributed to the fact that
base isolation leads to a more flexible structure that is less
affected by SSI.

Based on the results of the parametric analysis, a preliminary
assessment of the efficiency of base isolation on building
structures can be made. Base isolation is more effective on light
structures found on loose soil conditions. Alternatively, the
characteristic length o should be selected greater than the
structural height in order to result in small values of the mass
and slenderness ratio. When multi-storey buildings are designed
the increase of the structural mass compared to the isolator
stiffness is not expected to be influential. An effort should be
made to increase the structural stiffness relatively to the bearings
stiffness, by either adding shear wall elements or using bearing
elements of low horizontal stiffness. On loose soil conditions, use
of natural rubber bearings of relatively small damping should be

selected, while for stiff subsoil conditions, base isolators providing
significant viscous damping such as lead rubber bearings should
be used in order to provide sufficient energy absorption capability
to the overall system. Regarding the combined effects of SSI and
base isolation on the frequency characteristics of the system, an
appropriate selection of the desirable increased period of the
system should be made, based on the particular site character-
istics. An increase of the structural period can be either
destructive or beneficial accordingly to several parameters, such
as the distance from a neighbouring fault, the type of the fault
mechanism and the magnitude of the earthquake. It should be
noted that a more elaborated analysis is necessary to provide
insight in the response of a real three-dimensional base-isolated
structure including SSI effects.

The results of the present investigation are limited to the range
of relatively small frequency excitations, i.e., when the character-
istic dimension of the footing is small compared with the
wavelength of the excitation. For high frequency excitations,
substantial changes on the modal characteristics of the system
should be expected. According to Stewart et al. [32] a significant
error can be introduced when neglecting the frequency depen-
dence of the real part of the impedance function for structures
with high modal frequency characteristics. In such a case a more
accurate investigation should also include several significant
factors affecting the overall response of the structure-founda-
tion-soil system, such as: foundation shape, foundation mass,
foundation flexibility or eccentricity effects, embedment and wave
propagation effects.

3. Conclusions

The present work investigates the importance of SSI on
the seismic response of base-isolated buildings founded on an
elastic soil half-space. An equivalent 2-DOF fixed-base system is
developed with frequency and damping parameters obtained
from a 4-DOF system base-isolated building structure. The
foundation stiffness and damping coefficients are assumed to be
frequency-independent; however, frequency-dependent soil char-
acteristics can be employed by simple modification of the derived
expressions.

The results of the analysis and an extensive parametric
study reveal the importance of SSI on the structure-base



C.C. Spyrakos et al. / Soil Dynamics and Earthquake Engineering 29 (2009) 658-668 667

isolation-foundation system frequency characteristics. The study
demonstrates that the importance of SSI on the system damping is
relatively small, the latter being greatly influenced by the base
isolation system damping characteristics. It is also concluded that
SSI effects are significant for relatively stiff, squat structures with
small mass ratio m. For preliminary design of base-isolated
buildings, the methodology could serve as a means to assess the
effects of SSI.
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Appendix A
Part [—Derivation of equivalent 2-DOF system equations

The equations of motion of the equivalent fixed-base 2-DOF

system, shown in Fig. A1 and subjected to a harmonic base
excitation ii;el, are:

—Ms@?Us + iwEs(Us — Up) + Kks(Us — Up) = Mgl (1.1)

— M2y, + 10Uy — 10Cs(Us — Up) + kplpy — Ks(Us — Up)

= mpw?ig (1.2)
By setting
> Wl > wCs ~2 ’~<b ~2 f(s
=—, =—, Wp=—, W =— 1.3
Tk T 2k P T myamy Y Tm (13)

Egs. (I.1) and (1.2) can be written as

5. . s L
1+20i1— Q} s — (1 + 25y = —5 lg (1.4)
0] 0]

S S

Us

ms

Fig. Al. Equivalent fixed-base 2-DOF system.

(bz N N d)z N
- {NZVU + 2060 | Gs + |14 201+ =71 + 240)
Wy 20
w? w? .
A== =0 -7 (15)
Wy Wy

Egs. (1.4) and (1.5) are equivalent to Egs. (13) and (14).

Part [I—Derivation of analytical expressions for equivalent 2-DOF
system frequency and damping terms

Multiplying Eq. (7a) with y and adding the resulting expression
to Eq. (7b), results in:

2
—Yus+ [—(1 =) +%(1 + Zébi):| Up — Uo — Yhe = ug (IL1)

Substituting Eq. (IL.1) in Egs. (7c) and (7d) and solving for u,,
yields

1
@3 /(1 + 28pi + 24i)

2
Uy = {25(1 n ngi)} Uy

_ 0 142G
@2 T+ 20hi+20,1 °

Equating the left-hand sides of Egs. (7a) and (7d) leads to

=g§ 1+ 2¢i " Cwf 142
@2 1+20i+201 ° w2 14201+ 24

(11.2)

hp up (IL3)

Substituting Eqgs. (I.2) and (II.3) into Egs. (7a) and (7b), and
performing a series of algebraic manipulations, yields
wf? 142060 l}
w? 1+ 200+ 2,i
+a)_§ 1+2§Si ._co_ﬁ 1+_2£bi .
w2 1+2014 201 @214 2041 + 2,i

2 2
[%(1 +20) — s + {f%a +200)

Up = Ug (I1.4)

- {%gy(l + ZCSi)} us + [—(1 -7 +Z—§(1 + 2{pi)
o} 14240 w? .
—-(1- V)w—tz] m + EV“ + 2CS‘):| Up
=(1-pug (11.5)

Taking into account the fact that (1)/(1+ai)~1—ai, for a<1;
neglecting the terms involving damping ratio products and
multiplying both terms with w?/w?, Eq. (11.4) becomes

. w? . . . ow? .
1+ 20— 55 1+ 204 = 200 - 2050 — o e+ [0 +2040)
r S
w? . . L. wEa? . L. .
+w_§(] + 2861 — 28,0 — 240) — m(l + 201 — 2841 - ZCgl):| up
o2
=2 g (IL6)

Applying the same procedure for Eq. (II.5) and multiplying both
parts of the resulting expression with w?/w3, results in

w? w? .. . .
-(1- V)w*% -(1- V)Jﬁ(l + 2{pi — 2{hi — 24,1)

w2 . w? .
+(1 +2&jb1)+w§ P+ 240 | up — w—;v(l +2() | us
b b
wz
== 5ug (1L7)
b

Egs. (11.6) and (II.7) can be considered equivalent to Eqgs. (1.4)
and (1.5), respectively. The second parts of Egs. (I1.6) and (1.4) as
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well as the coefficients of us and uy, are set equal, respectively:

. w? Lo . w?
{1 + 21— w_§(1 + 21— 28,0 — 2(g1) — a)—g

N 2
- [1 +20i- 2 (1L8)
wS
L w? . S
{—(1 + 2{61) + E(l + 201 — 280 — 24,0)
T
wiw? . . . > .
- gaﬂ (1 + 281 — 2841 = ZCgl):| = —(1+2{420) (IL9)
h*s
w? w? .
Eug = Eug (IL10)
S

Equating the real and imaginary parts in Eqgs. (11.9) and (I.10)
yields Egs. (24a) and (24b) as well as the following expressions:

1 1 1

1 1,1 .11
o wi o} (L
2 2,42
@ _EE% o (1.12)
w?  wim?

Applying the same procedure for Egs. (II.7) and (I.5) results in
Eqgs. (24c) and (24d) and the expressions

2 ~2
@5 9 (1113)
Wy Wy

1 1 1
S =+ (I.14)
wp O, W

Eqgs. (II.11) and (I1.14) yield Eqgs. (21) and (22) respectively,
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